


Let us for now ignore the few points 
(when v = 0), when dE/dt = 0



Okay, in the argument on the previous page, we ignored the possibility that dE/dt could be 
zero. To make the argument complete, we have to address this issue.













LaSalle’s Invariance Principle

The basic Lyapunov theorems say:

• dV/dt  0 implies Lyapunov stability.

• dV/dt < 0 implies asymptotic stability.

where V is the Lyapunov function, satisfying all the other necessary properties.
In many situations, it is possible to infer asymptotic stability even when we can only show dV/dt  0

when not at the fixed point.
The basic idea is the same in our first example. We have to show that dV/dt = 0 cannot persist for an

extended period of time, and any trajectory not already at the fixed point will almost always have dV/dt < 0,
so that V ! 0.

This idea is formalized by the so-called LaSalle’s invariance principle, stated as follows:

First, determine all ‘complete trajectories’ of ẋ = f(x) at which dV/dt = 0 identically. One such trajec-
tory is the fixed point 0. Are there any other trajectories? If there are no other complete trajectories satisfying
dV/dt = 0, then dV/dt  0 implies asymptotic stability.

How to show that there are no other complete trajectories with dV/dt = 0? As in example 1, we can show
that if dV/dt = 0 at some point (not already at the fixed point), the dynamic equations ẋ = f(x) will take you
immediate away from points at which dV/dt = 0.

It turns out that this method is easier to use for asymptotic stability than constructing a Lyapunov function
which is strictly less than zero.

Lyapunov unstable

A fixed point x⇤ is Lyapunov unstable if we can find a Lyapunov function V , such that

• V (x) = 0 if and only is x = x

⇤ is the fixed point.

• V (x) > 0 in a neighborhood of x⇤, when x 6= x

⇤.

• dV/dt > 0 in the neighborhood of x⇤, when x 6= x

⇤.

As before, if we can only show dV/dt � 0, we can again invoke the LaSalle’s Invariance Principle, showing that
dV/dt = 0 cannot persist for any extended duration if it occurs.

Further, it turns out that we can weaken the above su�cient conditions for Lyapunov instability even
further. Informally, it is su�cient that V (x) > 0 at some (not all) points that are arbitrarily close to x

⇤, not
necessarily in a neighborhood of x⇤. (see Richard Rand’s lecture notes).
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