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Fig. 1: Bipedal point-mass model runs in 3D based on biologically inspired dead-beat control.

Abstract—
This paper introduces a biologically inspired dead-beat

controller for bipedal running in 3D. The controller runs in
real-time, is extremely robust against perturbations and allows
for very versatile running patterns. It is based on the encoding
of leg forces and CoM trajectories during stance as polyno-
mial splines (inspired by observations from human running
experiments, see Fig. 2), which allows for an intuitive and
primarily analytical controller design. One major advantage
of the algorithm is, that both upcoming foot target locations
on the ground are predicted at all times, which facilitates the
design of appropriate foot trajectories. The performance of the
control framework is tested in various simulations for a bipedal
point-mass model with two mass-less point feet.

I. HUMAN RUNNING EXPERIMENTS AS MOTIVATION

The main idea in this paper is to design desired CoM
trajectories that produce approximately natural GRF pro-
files while fulfilling several boundary conditions. Figure 2
shows a typical GRF profile that was recorded during a
human running experiment. The human GRF profiles can
be approximated quite well by a polynomial of order 2 in
the vertical direction and by a polynomial of order 3 in the
x−direction. This motivates us to use - during stance - a
4th order polynomial to encode the vertical CoM position
z and 5th order polynomials to encode the horizontal CoM
positions x and y, as this correlates to 2nd and 3rd order
polynomials for the CoM accelerations ẍ, ÿ, z̈ and thus leg
forces. This polynomial encoding can be written as:
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(1)
This linear mapping from the polynomial parameter vectors
pσ to CoM positions σ(t), velocities σ̇(t) and accelerations
σ̈(t) was extensively used in the controller derivation.
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Fig. 2: Comparison of experimentally measured human leg
forces (blue/green) and polynomial approximations (red).

II. DERIVATION OF DEAD-BEAT CONTROLLER

Running is typically defined as a locomotion pattern,
which employs alternate flight and (single leg supporting)
stance phases. In this paper, we use a preview of the
upcoming two stance and flight phases, as shown in Fig. 3.
The desired relative apex and touch-down heights Δz apex,des

and ΔzTD,des are used as design parameters. They indicate
how high over the floor (at z f loor) the apex of the flight curve
(i.e. ż= 0) should be and at what CoM height the touch-down
is supposed to happen. Another design parameter, used in this
work, is the total stance time Ts.

A. Vertical planning and boundary conditions

We make use of four linear vertical boundary conditions:

• initial position equals TD position (z(ts = 0) = zT D)
• initial velocity equals TD velocity (ż(ts = 0) = żTD)
• initial acceleration is minus gravity (z̈(ts = 0) =−g), i.e.

vertical leg force is zero
• final acceleration is minus gravity (z̈(ts = Ts) =−g), i.e.

vertical leg force is zero

These boundary conditions can be solved via a pseudo-
inverse. The one additional DOF is used to achieve a desired
apex height of the CoM during the upcoming flight phase
(analytical solution).



zTD

zapex

Δz
T

D
,d

es

Δz
a

pe
x,

de
s

z

x
f1 f2

z f loor

x

xapex,1 xapex,2 xapex,3

xTD,1 xTD,2 xTD,3

flight 1 flight 2 flight 3stance 1 stance 2
TD1 TD2 TD3TO1 TO2

Fig. 3: Preview of upcoming flight and stance phases (planar
sketch) - used for design of boundary conditions.
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Fig. 4: Force profiles during running simulations.

B. Horizontal planning and boundary conditions

Motivated by Fig. 2, we the following four linear horizon-
tal boundary conditions (χ ∈ {x,y}):

• initial position equals TD position (χ(ts = 0) = χTD)
• initial velocity equals TD velocity (χ̇(ts = 0) = χ̇TD)
• initial acceleration is zero (χ̈(ts = 0)= 0), i.e. horizontal

leg force is zero
• final acceleration is zero (χ̈(ts = Ts) = 0), i.e. horizontal

leg force is zero

Additionally, we specify a desired upcoming touch-down
position for the CoM, wich can also be expressed as a
linear mapping of pχ . Again, these boundary conditions are
pre-solved via pseudo-inverse. As compared to the vertical
direction, the horizontal directions have one more polynomial
parameter - and thus one more degree of freedom (DOF) -
available. This DOF, has an effect on the geometry of the leg
force rays in space. Our goal is to find the value for p̃ χ , which
produces the best possible focusing of leg forces, such that
these are best feasible for finite-sized (or even point-) feet.
Therefore, the mean square of the deviation (integral over
time) of the ground intersection points xint of the leg forces
from their mean value xint is minimized numerically. The
resulting optimal ground intersection points are then used as
targets for the foot trajectories.

C. State feedback control

In order to increase the robustness of the control frame-
work, we propose a feed-back control method. It is based
on the continuous state-based re-planning of the desired
contact forces (and corresponding polynomial parameters)
throughout flight phases. This continuous re-planning is
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Fig. 5: Tracking performance when steered by joystick input.

facilitated by the very low computational demand of the
proposed algorithm. In case of perturbations, we observe
very high robustness of the controller (see Sec. III).

III. SIMULATIONS

The performance and robustness of the controller were
tested in numerous simulations. The model used is a bipedal
point-mass robot with point-feet. Figure 4 shows a set of
typical force profiles. In the shown example, the robot first
accelerates forward, then backward and then switches to
a periodic gait. Figure 5 shows our controller’s tracking
performance for varying joystick inputs. Overall, the con-
troller shows very accurate tracking performance. The higher
deviations during some phases are caused by continuously
changing joystick inputs, since our steering interface assumes
constant steering rates. These deviations might be erased by
the use of a different steering interface.

IV. DISCUSSION

The trajectory generation and control method described in
this paper yields leg force profiles that are independent of
the specific hardware design of some particular robot, i.e. the
method is generic. The proposed control framework might
be used to identify required actuator characteristics for the
design of new robots. On the other side, if a specific robot
with its predefined hardware limitations and kinematics is to
be controlled, other approaches such as optimal control may
be required to assure feasibility and good performance.

Regarding required leg stiffness, we find rather linear
stiffness profiles for slow running and more and more non-
linear stiffness profiles for faster running.

In our Matlab/Simulink simulation setup, for a sampling
time of 1ms, we were able to compute a bit more than 1000
time steps per second. On a real-time operation system, we
expect even shorter computation times.

The algorithm proposed in this paper may also be applied
to the problems of hopping and jumping. We also expect
that quadrupedal gaits such as galloping and trotting can be
achieved by minor adjustments of the algorithm.


